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Abstract Quantum ground-state cooling of macroscopic me-
chanical resonators is of essential importance to both funda-
mental physics and applied science. Conventional method of
laser cooling is limited by the quantum backaction, which re-
quires mechanical sideband resolved in order to cool to ground
state. This work presents an idea to break the quantum backac-
tion limit by engineering intracavity optical squeezing. It gives
rise to quantum interference for all the dissipation channels,
and under certain circumstances can totally remove the influ-
ence of the cavity dissipation and the resultant quantum back-
action, with much lower cooling limit irrespective of the side-
band resolution. We show that our scheme enables ground-
state cooling in the highly unresolved sideband limit and it also
works beyond the weak coupling regime, which provides the op-
portunity for quantum manipulation of macroscopic mechanical
systems.
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1. Introduction
Quantum manipulation of macroscopic objects is a persis-
tent goal in quantum science and related application fields
[1, 2]. An essential prerequisite to observe quantum phe-
nomenon concerns cooling, i.e., reducing the random ther-
mal motional energy. In the past half century, the develop-
ment of various cooling methods have revolutionized the
field of atomic physics [3, 4]. In recent years, the study of
macroscopic mechanical resonators in the quantum regime
[5, 6] has emerged as an important new frontier with exten-
sive potential applications in quantum information [7–10],
quantum-limited measurement [11–16] and fundamental
test of quantum mechanics [17–20]. Ground-state cooling
of mechanical resonators can be realized using cavity op-
tomechanical systems with a laser driving the red mechani-
cal sideband [21,22], in the analogous sprit of laser cooling
of neutral atoms [23] and ions [24]. Such sideband cooling
scheme has been adopted in various optomechanical exper-
iments with great successes [25–30].
However, quantum backaction, a pure quantum effect
originating from the counter-rotating-wave interaction be-
tween optical photons and mechanical phonons, can cause
serious heating of the mechanical resonator. It erects a
quantum backaction limit corresponding to a minimum
achievable phonon occupancy inversely related to the side-
band resolution ωm/κ , where ωm is the mechanical reso-
nance frequency and κ is the cavity dissipation rate. To
cool below this quantum backaction limit, new schemes are
needed. Sub-quantum-backaction cooling schemes are es-
pecially important for optomechanical systems operating in
the unresolved sideband limit (approximately 4ωm/κ < 1),
where ground-state cooling is impossible with conventional
sideband cooling scheme [21, 22]. For example, macro-
scopic mechanical resonators typically possess low reso-
nance frequencies, preventing from reaching the resolved
sideband limit. Recently, several proposals suggested better
cooling performance, relying on ideas such as pulsed driv-
ing [31, 32], dissipative coupling [33–35], squeezed driv-
ing [36], feedback controlled light [37, 38] as well as hy-
brid approaches [39–45]. However, complete removal of
the quantum backaction heating due to cavity dissipation
is not realized. For instance, the effect of the intrinsic cav-
ity dissipation κ0 cannot be eliminated using the typical
noise interference approach [46], while additional dissipa-
tion from the ancillary components takes effect in the hy-
brid approaches [39].
Here we proposed an intracavity-squeezed optome-
chanical cooling scheme to completely remove the influ-
ence of cavity dissipations from all channels. By putting a
second-order (χ (2)) nonlinear medium inside the cavity op-
tomechanical system, the intracavity field can be strongly
squeezed, which facilitates quantum noise interference for
all the dissipation channels including both the external and
intrinsic cavity dissipations. As a result, the quantum back-
action heating effect associated with the cavity dissipations
can be fully removed, the resulting cooling limit is no
longer dependent upon the sideband resolution. Therefore,
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the scheme we introduce enables ground-state cooling with
full removal of the resolved sideband restriction. Moreover,
it works even when the noise interference model becomes
invalid beyond the weak coupling regime. The analytical
results we obtain show that the final cooling limit only de-
pends on the Qm/nth ratio, where Qm is the mechanical
quality factor and nth is the ambient thermal phonon num-
ber.
2. The Model
The system we consider includes a χ (2) nonlinear medium
inside an optomechanical cavity, as depicted in Fig. 1. In
the frame rotating at the driving laser frequency ωp, the
Hamiltonian of the system is given by
H = ωca
†
1a1+ 2ωca
†
2a2+ωmb
†b+(νa21a
†
2+ν
∗a†21 a2)
+ g1a
†
1a1(b+ b
†)+ g2a
†
2a2(b+ b
†)+Hdrive, (1)
where a1 and a2 are the annihilation operators of the opti-
cal fundamental mode and second-order mode, and ν is the
single photon χ (2) nonlinearity, b is the mechanical mode.
g1(g2) is the corresponding single photon optomechani-
cal coupling between optical modes and mechanical mode.
Hdrive = (ε1e
iω1ta1+ ε2e
iω2ta2+H.C.) is the laser driving
term, where ε1(ω1) is the driving strength (frequency) of
optical fundamental mode and ε2(ω2) is the pumping mag-
nitude (frequency) of second-order optical mode.
Similar model has been studied for modifying the nor-
mal mode splitting [47], enhancing the effective photon-
phonon interaction [48] and improving position detection
sensitivity [49]. Experimentally, such a model is readily
implemented using a Fabry-Pe´rot cavity or a whispering-
gallery mode cavity [50, 51].
Within stability regime, the optical and mechanical
modes reach steady states denoted by α1,2 = 〈a1,2〉ss and
β = 〈b〉ss. After carrying out a linearization procedure, we
can write down the Langevin equations of the three mode
(see section VI in the Supporting information). It will be
found that apart from the needed parametric amplifier term
induced by the nonlinear medium, the effect induced by the
radiation pressure of the second-order optical mode should
ɖሺଶሻ
Figure 1 (Color online) A schematic description of a cavity op-
tomechanical system with a second-order nonlinear medium in
the cavity. The cavity is driven by a driving laser and the nonlin-
ear medium is driven by a nonlinear pumping laser.
be noted. We found that the radiation pressure of the sec-
ond order mode will introduce, firstly a modification of
the detuning and optomchanical coupling of the fundamen-
tal optical mode which is not essential. Secondly added
noise and effect can be safely neglected when ∆2,e f f ≫
max[
√
g22|α2|2κ2/ωm,
√
κ2/κ1|να1|], where∆2,e f f =ω2−
2ωc − g2(β + β ∗) is the effective detuning of the second-
order optical mode. The detailed calculation can be found
in supporting information and similar demonstration of ne-
glecting the effect of the second-order optical mode for dis-
placement measurement can be found in ref [49]. With this
approximation the system Hamiltonian reduces to HL =
−∆a†1a1+ωmb†1b1+G(a1+ a†1)(b1+ b†1)+ (εa†21 + ε∗a21),
where a1 = a−α and b1 = b−β represents quantum fluc-
tuations around the steady states, ∆ is the effective detun-
ing andG is the modified optomechanical coupling strength
(assumed to be real without loss of generality) and ε = να2
denotes the squeezing parameter. The linearized quantum
Langevin equations are given by
a˙1 = (i∆− κ
2
)a1− iG(b1+ b†1)− 2iεa†1−
√
κain, (2)
b˙1 = (−iωm− γ
2
)b1− iG(a1+ a†1)−
√
γbin, (3)
where κ represents the total cavity dissipation includ-
ing both the external dissipation κex and the intrinsic
dissipation κ0, γ = ωm/Qm is the mechanical dissipa-
tion rate, ain and bin are the noise operators satisfying
〈ain(t)a†in(t
′
)〉 = δ (t − t ′), 〈bin(t)b†in(t
′
)〉 = (nth + 1)δ (t −
t
′
), 〈b†in(t)bin(t
′
)〉= nthδ (t−t ′), and nth = 1/(eh¯ωm/kBT −1)
is the ambient thermal phonon number with T being the
corresponding ambient temperature.
3. Weak coupling Regime
In the weak coupling regime with G ≪ (κ ,ωm), the op-
tomechanical cooling effect is determined by the spectrum
of the optical force SFF(ω) =
∫
dτeiωτ 〈F(τ)F(0)〉, where
F = G(a†1+ a1)/xZPF ∝ X1 is the optical force with X1 be-
ing the quadrature of the optical field and xZPF being the
zero point fluctuation of the mechanical mode. According
to Fermi’s golden rule, the cooling and heating rates are
given by Γ− = SFF(ωm)x2ZPF and Γ+ = SFF(−ωm)x2ZPF,
corresponding to the ability to absorb and emit a phonon
by the cavity, respectively. These rates then determine the
net cooling rate Γopt = Γ−−Γ+ and the effective phonon
number nopt = Γ+/(Γ−−Γ+). Using the above relations,
we obtain (section III in the Supporting Information)
SFF(ω) =
G2κ
x2ZPF
∣∣∣∣∣χ(ω) 1+ 2iε
∗χ∗(−ω)
1− 4 |ε|2 χ(ω)χ∗(−ω)
∣∣∣∣∣
2
, (4)
Γopt =
−4G2κωm(∆+ 2εr)
(κ2/4+∆2− 4|ε|2−ω2m)2+ω2mκ2
, (5)
nopt =
(ωm +∆+ 2εr)
2+(κ/2+ 2εi)
2
−4ωm(∆+ 2εr) . (6)
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3where εr (εi) is the real (imaginary) part of ε , and χ(ω) =
[κ/2− i(ω +∆)]−1 is the optical response function. The fi-
nal phonon occupancy in the weak coupling regime is then
given by nwkf = nopt+ γnth/Γopt.
Without the nonlinear pumping (ε = 0), the above re-
sults reduce to the conventional sideband cooling case
[21, 22], with Sε=0FF (ω) = G
2κ |χ(ω)|2 /x2ZPF, and nε=0opt =
[(ωm +∆)
2+κ2/4]/(−4ωm∆). In the unresolved sideband
regime, both cooling rate and heating rate stay almost the
same, leading to very small net cooling rate and thus the
cooling is inefficient. The minimum effective phonon num-
ber obtained at the optimal detuning ∆ =−κ/2 is given by
nε=0opt = κ/(4ωm), which is strongly limited by the sideband
resolution, and ground-state cooling is unattainable in the
unresolved sideband limit.
In the scheme we present, from Eq. (4) we can find that
the noise interference effect appears as the result of the non-
linear pumping. To suppress the quantum backaction heat-
ing, destructive interference should occur at ω =−ωm. By
setting SFF(−ωm) = 0, we obtain the optimal condition
ε =
1
2iχ(ωm)
=−ωm+∆
2
− iκ
4
. (7)
In this case the quantum backaction heating process is
completely cancelled (Γ+ = 0), and the optical mode be-
haviours as a zero-temperature bath (nopt = 0). Therefore,
the final phonon number is no longer limited by the side-
band resolution anymore, and ground-state cooling is at-
tainable for arbitrary large κ/ωm.
The unique advantage of our intracavity squeezing
scheme is that the improved cooling performance is im-
mune to all the cavity dissipation channels, including both
the external dissipation κex and intrinsic dissipation κ0.
This is because the intracavity field is squeezed with an
internal nonlinear process, which results in the complete
suppression of the quantum fluctuations of the intracavity
field for certain quadrature component (X1 in our case). Be-
cause the squeezing does not depend on the input-output
process, the noise interference takes place for all the dissi-
pation channels. This property is essentially different from
the squeezed driving outside the cavity [36], where the
noise interference occurs on the input-output boundary, and
the noise associated with the intracavity dissipation κ0 can-
not interfere with the squeezed input light [52], with final
phonon occupancy still limited by κ0/(4ωm).
Moreover, at the optimal condition given by Eq. (7), we
obtain Γ− =G2κ |χ(ωm)|2 =Γε=0− , indicating that the cool-
ing process is totally unaffected compared with the con-
ventional sideband cooling case. This result is also quite
different from that of the squeezed driving scheme. For
the latter, the suppression of heating process is accompa-
nied by a reduction of cooling rate Γ−, with unchanged
net cooling rate Γopt compared with the conventional side-
band cooling scheme. The comparisons under typical pa-
rameters are plotted in Figs. 2(a) and 2(b). They show that
the net cooling rate in our intracavity squeezing scheme is
κ/(4ωm) times larger than that of both sideband cooling
and squeezed driving schemes. This enhancement factor is
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Figure 2 (Color online) (a) Normalized noise power spectrum
of the backaction force SFF(ω) in three schemes: sideband cool-
ing scheme (SB, black dotted curve), squeezed driving scheme
(SD, blue dashed curve), and intracavity squeezing scheme (IS,
red solid curve). The two vertical gray solid lines corresponds to
frequencies ω = ±ωm, which determines the cooling and heat-
ing rates, respectively. The normalization factor is 4G2/(κx2ZPF).
(b) Normalized net cooling rates Γopt versus the ratio κ/(4ωm)
for the three schemes. The normalization factor is 4G2/κ . Other
unspecified parameters are κ/(4ωm) = 1, ∆ =−
√
κ2/4+ω2m .
especially important in the unresolved sideband limit with
κ/(4ωm)≫ 1.
4. General results
To obtain the general results of the cooling limits and cool-
ing dynamics beyond the weak coupling regime, we em-
ploy the covariance matrix method by solving the time evo-
lution of the mean phonon number [53] based on the mas-
ter equation ρ˙ = i[ρ ,HL]+κD [a1]ρ + γ(nth + 1)D [b1]ρ +
γnthD [b
†
1]ρ , where D [oˆ]ρ = oˆρ oˆ
†− (oˆ†oˆρ +ρ oˆ†oˆ)/2 de-
notes the Liouvillian in Lindblad form for operator oˆ.
The general steady-state cooling limit is obtained as
n f = n
wk
f + n
st
f , (8)
nwkf =
γnth
Γopt
=
4(∆+ωm)
2+κ2
4G2κ
γnth, (9)
nstf =
G2
(
2∆+ωm
ωmκ
γnth− 12
)
(2∆+ωm)ωm + 4G2
+
γnth
κ
, (10)
where we have used the large cooperativity assumptionC =
4G2/(κγ)≫ 1, and used the optimal nonlinear pumping
condition given by Eq.(7). The latter is reasonable because
Copyright line will be provided by the publisher
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Figure 3 (Color online) Cooling limits nwkf (a), n
st
f (b) and n f =
nwkf +n
st
f (c) versus the detuning ∆ and the coupling strength G.
The red dash-dotted curves corresponding to the critical bound-
ary between the stable and unstable regions. In (c), the vertical
and horizontal lines corresponds to the optimal choice of κ and
G. (d) nwkf , n
st
f and n f versus G for ∆ =−κ/2. Other parameters
are κ/(4ωm) = 100, nth = 10
3 and Qm = 10
5.
we focus on the highly unresolved regime with κ ≫G, and
the nonlinear pumping strength is on the same order of κ .
The modification of optimal ε caused by G will be much
smaller than the order of κ , thus we can still use Eq. (7) for
the optimal pumping strength beyond the weak coupling
regime, which is also compatible with the numerical results.
Here nwkf corresponds exactly to the result in the weak cou-
pling regime with Γopt given by Eq. (6), while n
st
f repre-
sents the cooling limit originating from the strong coupling
effect. In Eq. (10), the first term of nstf takes effect when G
is comparable with
√−∆ωm/2, and this term also implies
the stability condition (2∆+ωm)ωm + 4G
2 < 0, i.e., ∆ <
−ωm/2 and G <
√
−(2∆+ωm)ωm/2, which agree well
with the result obtained using the Routh-Hurwtiz method
[54]; the second term γnth/κ can be neglected in the un-
resolved sideband regime since it scales inversely propor-
tional to κ .
Within the weak coupling picture, the increase of the
coupling strength G leads to the increase of the cooling
rate Γopt and thereby reduces the cooling limit, as shown
in Fig. 3(a). However, when G is strong enough, the strong
coupling effect and the stability condition constrains the
cooling limit. At the same time, the maximum achievable
G depends on the detuning ∆, where a larger detuning will
tolerate a larger coupling strength [Fig. 3(b)]. Therefore,
both the detuning ∆ and the coupling strength G should be
optimized to obtain the minimum cooling limit. The results
are shown in Fig. 3(c-d). When Qm/nth ≫ 1 and |∆| ≫ωm,
we obtain the optimal detuning, coupling strength, and the
Figure 4 (Color online) (a) Ground-state cooling regions ver-
sus κ/4ωm and nth. The curves denote the boundary contours
n f = 1 for the three schemes (numerical results). The regions
where ground-state cooling is achievable for the three schemes
are: SB–region I; SD–regions I and II; IS–regions I, II and III. (b)
Cooling limit of the three schemes for nth = 10
3. Markers with
red circles, blue stars and dark X-marks are numerical results
and the curves are the corresponding analytical results. In both
(a) and (b) we have set Qm = 10
5, and other unspecified param-
eters are optimized to obtain the best cooling limits.
corresponding cooling limit as
∆ =−κ
2
, G =
√
κωm
4+
√
Qm/nth
, (11)
nminf = 2
nth
Qm
+
√
nth
Qm
. (12)
The above results indicates that: (1) the optimal detuning
∆ = −κ/2 is the same as the conventional sideband cool-
ing scheme in the unresolved sideband regime; (2) the max-
imum achievableG scales as
√
κωm and thus the maximum
net cooling rate Γopt scales as ωm, which ensures high cool-
ing efficiency even when κ is large; (3) the achievable cool-
ing limit only depends on the Qm/nth ratio, and the cav-
ity dissipation κ still does not come into play, even in this
general case. From Eq. (12) we can derived the ground-
state cooling condition as Qm/nth & 4, corresponding to
Qmωm & 4kBT/h¯.
For comparison, we also present the minimal cool-
ing limits for the sideband cooling and squeezed driving
schemes (see section IV and V in the Supporting Informa-
tion). For the sideband cooling scheme, nminf ,SB = κ/4ωm[1+
nth/Qm + 2
√
(nth/Qm)2+ nth/Qm], and ground-state cool-
ing requires κ/(4ωm) < 1; For squeezed driving scheme,
nminf ,SD = 2c+
√
c(1+ 4c) with c = γnthκ/ω
2
m, and ground-
state cooling requires κ/(4ωm)< Qm/(5nth) (here we have
Copyright line will be provided by the publisher
5neglected the κ0/(4ωm) term). Similar restriction also ex-
ists in the dissipative coupling scheme [46]. The param-
eter range of ground-state cooling regions for the three
schemes are plotted in Fig. 4(a). For the sideband cool-
ing scheme, ground-state cooling is possible only in re-
gion I; For the squeezed driving scheme, both region I and
II enables ground-state cooling; while for our intracavity
squeezing scheme, ground-state cooling can be realized in
all the three regions I, II and III. In Fig. 4(b), we plot the
achievable minimal final phonon number as a function of
κ/4ωm for nth = 10
3. The above analytical results agree
quite well with the numerical results. It reveals that our in-
tracavity squeezing scheme uniquely possesses the feature
that the cooling limit is independent of the cavity dissipa-
tion in the unresolved sideband limit.
5. Conclusion
In summary, we have presented an intracavity squeezing
scheme allowing optomechanical cooling to the ground
state below the quantum backaction limit. The intracavity
squeezing results in quantum noise destructive interference
for all the dissipation channels, including the external and
intrinsic cavity dissipations. The quantum backaction heat-
ing is then strongly suppressed, leading to enhanced net
cooling rate and reduced cooling limit, enabling ground-
state cooling under arbitrary low sideband resolution. We
derive the cooling limit beyond the weak coupling regime
and find that the final cooling limit only depends on the
Qm/nth ratio even when (κ ,G)≫ωm, showing that ground-
state cooling is attainable as long asQm/nth& 4. This opens
new possibilities for quantum manipulation of massive and
macroscopic mechanical systems with low resonance fre-
quencies.
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7Supplementary Material
This SupplementaryMaterial is organized as follows. In Sec. 6 we present the linearization of the Hamiltonian and the
quantum Langevin equations. In Sec. 7 we analyze the stability conditions of the system. In Sec. 8 we use the quantum
noise approach to derive the power spectrum of the radiation pressure in the weak coupling regime. The general results of
cooling limits are deduced in Sec. 9. In Sec. 10 we compare the cooling limits of three different schemes. In Sec.11 we
discuss the noise from the second-order nonlinear mode.
6. Linearized Hamiltonian
The hamitonian of the total system is
H = ωca
†
1a1+ 2ωca
†
2a2+ωmb
†b+(νa21a
†
2+ν
∗a†21 a2)
+ g1a
†
1a1(b+ b
†)+ g2a
†
2a2(b+ b
†)+Hdrive, (13)
where a1 and a2 are the annihilation operators of the optical fundamental mode and second-ordermode, and ν is the single
photon χ (2) nonlinearity, b is the mechanical mode. g1(g2) is the corresponding single photon optomechanical coupling
between optical modes and mechanical mode. Hdrive = (ε1e
iω1ta1 + ε2e
iω2ta2 +H.C.) is the laser driving term, where
ε1(ω1) is the driving strength (frequency) of optical fundamental mode and ε2(ω2) is the pumping magnitude (frequency)
of second-order optical mode.
The effect of the second-order optical mode can be seen as classically with proper condition which will be discussed
detailed in sec. 11. With this approximation, the reduced hamitonian yields
H =−∆0a†a+ωmb†b+ g0a†a(b+ b†)+ (Ωa†+Ω∗a)+ (εa†2+ ε∗a2). (14)
Here we work in a rotating frame with driving laser frequency ωp, a(a
†) is the bosonic annihilation (creation) operator
of the optical mode with the angular resonance frequency ωc, b(b
†) is the bosonic annihilation (creation) operator of the
mechanical mode with the angular resonance frequency ωm, ∆0 = ωp−ωc is the driving laser detuning with respect to
the cavity resonance, g0 is the single-photon optomechanical coupling strength, Ω (ε) is the driving (nonlinear pumping)
strength with laser frequency ωp (2ωp). The quantum Langevin equations of the system is
a˙ = (i∆0− κ
2
)a− ig0a(b+ b†)− iΩ− 2iεa†−
√
κexaex,in−
√
κ0a0,in, (15)
b˙ = (−iωm− γ
2
)b− ig0a†a−√γbin, (16)
where κex (κ0) is cavity dissipation rate from external (internal) channels and κ = κex+ κ0 is the total dissipation rate,
γ is the mechanical dissipation rate with the relation with mechanical quality factor Qm as γ = ωm/Qm, aex,in,a0,in
and bin are the corresponding noise operators associated with the dissipations, which satisfy 〈aex,in(t)a†ex,in(t
′
)〉 =
〈a0,in(t)a†0,in(t
′
)〉 = δ (t − t ′), 〈bin(t)b†in(t
′
)〉 = (nth+ 1)δ (t − t ′), 〈b†in(t)bin(t
′
)〉 = nthδ (t − t ′) with other correlators van-
ish. The mean thermal phonon number nth = 1/(e
h¯ωm/kBT − 1)≈ kBT/(h¯ωm), where T is the environmental temperature
and the second approximate equality holds for kBT ≫ h¯ωm. From the above correlation functions it is easy to verify√
κain =
√
κexaex,in+
√
κ0a0,in, where ain represents the total optical noise operator satisfying 〈ain(t)a†in(t
′
)〉= δ (t− t ′).
When the system is in the steady state, we can perform the linearization procedure by assuming a = α + a1 and
b = β + b1, where α = 〈a〉ss and β = 〈b〉ss are the mean values of the optical and mechanical fields without considering
the quantum fluctuations, determined by
0= (i∆0− κ
2
)α − ig0α(β +β ∗)− iΩ− 2iεα∗, (17)
0= (−iωm− γ
2
)β − ig0|α|2. (18)
The redefined operators a1 and b1 represent the quantum fluctuations around the mean values, with the corresponding
quantum Langevin equations
a˙1 = (i∆− κ
2
)a1− iG(b1+ b†1)− 2iεa†1−
√
κexaex,in−
√
κ0a0,in, (19)
b˙1 = (−iωm− γ
2
)b1− i(Ga†1+G∗a†1)−
√
γbin, (20)
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where we only keep the linear terms of the operators, ∆ = ∆0− g0(β + β ∗) is the modified detuning, G = g0α is the
linearized optomechanical coupling strength. Without loss of generality, α is assumed to be real, which can be realized
by adjusting the initial phase of the driving laser. Thus G is real and the linearized system Hamiltonian can be inferred as
HL =−∆a†1a1+ωmb†1b1+G(a1+ a†1)(b1+ b†1)+ (εa†21 + ε∗a21). (21)
7. Stability conditions
The dynamics of the fluctuations around the steady state can be written as
d
dt
V = DV, (22)
where V = (a1,a
†
1,b1,b
†
1)
T and
D =


i∆− κ
2
−2iε −iG −iG
2iε∗ −i∆− κ
2
iG iG
−iG −iG −iωm− γ2 0
iG iG 0 iωm− γ2

 . (23)
The stability condition requires that the eigenvalues of the dynamical evolution matrix D have no positive real part. By
employing the Routh-Hurwtiz method, the stability condition is obtained as
−4G2ωm(∆+ 2εr)
(κ2/4+∆2− 4|ε|2)(ω2m + γ2/4)
< 1 (24)
Under the optimized condition with the real and imaginary parts of ε given by εr = (−∆−ωm)/2, εi =−κ/4 and with
the assumption Qm ≫ 1, the stability condition reduces to
G <
√
−(2∆+ωm)ωm
2
, (25)
∆ <−ωm
2
. (26)
8. Weak coupling regime
In the frequency domain, the quantum Langevin equations are given by
−iωa1(ω) = (i∆− κ
2
)a1(ω)− iG
[
b1(ω)+ b
†
1(ω)
]
− 2iεa†1(ω)−
√
κain(ω), (27)
−iωb1(ω) = (−iωm− γ
2
)b1(ω)− iG
[
a1(ω)+ a
†
1(ω)
]
−√γbin(ω). (28)
In the weak coupling regime, we can neglect the effect of backaction by setting G = 0 in Eq. (27) and then obtain
a1(ω) =
√
κχ(ω)
−a˜in(ω)+ 2iεχ∗(−ω)a˜†in(ω)
1− 4 |ε|2 χ(ω)χ∗(−ω) , (29)
a
†
1(ω) =
√
κχ∗(−ω)−2iε
∗χ(ω)a˜in(ω)−a˜†in(ω)
1− 4 |ε|2 χ(ω)χ∗(−ω) . (30)
where we have define the optical response function
χ(ω) =
1
−i(ω +∆)+ κ
2
. (31)
Hence the radiation pressure force F =−G(a†1+ a1)/xZPF can be expressed as
F(ω) =
G
√
κ
xZPF
[1+ 2iε∗χ∗(−ω)]χ(ω)a˜in(ω)+[1− 2iεχ(ω)]χ∗(−ω)a˜†in(ω)
1− 4 |ε|2 χ(ω)χ∗(−ω) , (32)
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9where xZPF =
√
h¯/(2meffωm) is the zero-point fluctuation of the mechanical mode with meff being the effective mass of
the mechanical mode. The power spectrum of the radiation pressure is then obtained as
SFF(ω) =
G2κ
x2ZPF
∣∣∣∣∣χ(ω) 1+ 2iε
∗χ∗(−ω)
1− 4 |ε|2 χ(ω)χ∗(−ω)
∣∣∣∣∣
2
=
G2κ
x2ZPF
(ω −∆− 2εr)2+(κ/2+ 2εi)2
(κ2/4+∆2− 4|ε|2−ω2)2+ω2κ2 , (33)
where εr and εi are the real and imaginary parts of ε , respectively.
The corresponding heating rate and cooling rate are given by Γ+ = SFF(−ωm)x2ZPF and Γ−= SFF(ωm)x2ZPF, respectively.
Thus the net cooling rate and the effective phonon number are given by
Γopt = Γ−−Γ+ = −4G
2κωm(∆+ 2εr)
(κ2/4+∆2− 4|ε|2−ω2)2+ω2mκ2
, (34)
nopt =
Γ+
Γ−−Γ+ =
(ωm +∆+ 2εr)
2+(κ/2+ 2εi)
2
−4ωm(∆+ 2εr) . (35)
By setting SFF(−ωm) = 0 we obtain the condition when the heating process can be fully canceled as
ε =
1
2iχ(ωm)
=−ωm+∆
2
− iκ
4
. (36)
Under this condition, we obtain Γ+ = G
2κ |χ(ωm)|2 = Γε=0+ .
9. General cooling limits
With the Linearized Hamiltonian, the master equation is given by
ρ˙ = i[ρ ,HL]+L ρ , (37)
where ρ is the density matrix and L is the Lindband super-operator with
L ρ =
κ
2
(2a1ρa
†
1− a†1a1ρ −ρa†1a1)
+
γ
2
(nth+ 1)(2b1ρb
†
1− b†1b1ρ −ρb†1b1)
+
γ
2
nth(2b
†
1ρb1− b1b†1ρ −ρb1b†1). (38)
The mean values of all the second-order moment operators of the system (〈a†a〉, 〈b†b〉, 〈a†b〉, 〈ab†〉, 〈ab〉, 〈a†b†〉, 〈a2〉,
〈a†2〉, 〈b2〉, 〈b†2〉) are determined by the set of differential equations
d〈a†a〉
dt
=−iG(〈a†b〉− 〈ab†〉+ 〈a†b†〉− 〈ab〉)− 2i(ε〈a†2〉− ε∗〈a2〉)−κ〈a†a〉, (39)
d〈b†b〉
dt
=−iG(−〈a†b〉+ 〈ab†〉+ 〈a†b†〉− 〈ab〉)− γ〈b†b〉+ γnth, (40)
d〈a†b〉
dt
= [−i(∆+ωm)− κ + γ
2
]〈a†b〉− iG(〈a†a〉− 〈b†b〉+ 〈a†2〉− 〈b2〉)+ 2iε∗〈ab〉, (41)
d〈ab〉
dt
= [i(∆−ωm)− κ + γ
2
]〈ab〉− iG(〈a†a〉+ 〈b†b〉+ 〈a2〉+ 〈b2〉+ 1)− 2iε〈a†b〉, (42)
d〈a2〉
dt
= (2i∆−κ)〈a2〉− 2iG(〈ab〉+ 〈ab†〉)− 2iε(2〈a†a〉+ 1), (43)
d〈b2〉
dt
= (−2iωm− γ)〈b2〉− 2iG(〈a†b〉+ 〈ab〉). (44)
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Particularly, when ε = 0, the above equations reduces to the results for the sideband cooling case.
With the above equations, under the optimal choose of driving εr = (−∆−ωm)/2, εi =−κ/4, and under the approxi-
mationC = 4G2/(κγ)≫ 1, we can determine the general results of the final phonon occupancy beyond the weak coupling
limit as
n f =
γnth
Γ
′
opt
+
G2
−2(4G2+ω2m + 2ωm∆)
, (45)
Γ
′
opt =
ΓoptΓ1
Γopt+Γ1
, (46)
Γopt =
4G2κ
4(∆+ωm)2+κ2
, (47)
Γ1 =
2κωm[4G
2+ωm(2∆+ωm)]
(ω2m +G
2)(2∆+ωm)+ 4G2ωm
, (48)
where Γopt is the net cooling rate in the weak coupling limit, Γ
′
opt represents the effective net cooling rate beyond the weak
coupling limit. A proper choose of ∆ and G will results in a minimal final phonon occupancy. To meet the stability com-
mand, the achievable effective optomechanical coupling G is bounded by a maximum value Gmax =
√
(−ω2m− 2∆ωm)/4.
Define ∆ = −yκ/2 and G =
√
xyκωm/4, then generally the minimal value of the final phonon number happens when
x = x∗ and y = 2
√
1− x/(2− x), where x∗ is the solution in interval (0,1) of the following equation
x4+ 64(
nth
Qm
)2(x− 1)(x2− 6x+ 4) = 0 (49)
Specially, when nth/Qm ≪ 1, x∗ = 4
√
nth/Qm/(4
√
nth/Qm + 1), and the minimal phonon number is nmin = 2nth/Qm +√
nth/Qm; when nth/Qm ≫ 1, then x∗ = 3−
√
5, and the minimum is nmin =
√
(22+ 10
√
5)/4nth/Qm.
10. Cooling limits of different schemes
We analyze the cooling limit of three different schemes: sideband cooling scheme, squeezed driving scheme and intracav-
ity squeezing scheme proposed here. In the following we focus on the unresolved sideband regime. The general form of
the final phonon occupancy can be described by
n f =
γnth
Γ
′
opt
+ n
′
opt. (50)
For sideband cooling scheme, under the optimal detuning ∆ =−
√
κ2/4+ω2m, it yields
Γ
′
opt =
8G2ω2m(κωm− 4G2)
κ(κωm− 2G2)2 , (51)
n
′
opt =
κωm− 2G2
κωm− 4G2
κ
4ωm
. (52)
The minimal value is obtained when G =
√
xωmκ , where x = 1/(4+
√
1+Qm/nth) and the minimum phonon number is
nminf ,SB =
κ
4ωm
(1+
nth
Qm
+ 2
√
nth
Qm
(
nth
Qm
+ 1). (53)
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For squeezed driving scheme, the differential equations are given by
d〈a†a〉
dt
=−iG(〈a†b〉− 〈ab†〉+ 〈a†b†〉− 〈ab〉)+κ sinhR−κ〈a†a〉, (54)
d〈b†b〉
dt
=−iG(−〈a†b〉+ 〈ab†〉+ 〈a†b†〉− 〈ab〉)− γ〈b†b〉+ γnth, (55)
d〈a†b〉
dt
= [−i(∆+ωm)− κ + γ
2
]〈a†b〉− iG(〈a†a〉− 〈b†b〉+ 〈a†2〉− 〈b2〉), (56)
d〈ab〉
dt
= [i(∆−ωm)− κ + γ
2
]〈ab〉− iG(〈a†a〉+ 〈b†b〉+ 〈a2〉+ 〈b2〉+ 1), (57)
d〈a2〉
dt
= (2i∆−κ)〈a2〉− 2iG(〈ab〉+ 〈ab†〉)+ 1
2
κ sinh(2R)e2iφ , (58)
d〈b2〉
dt
= (−2iωm− γ)〈b2〉− 2iG(〈a†b〉+ 〈ab〉), (59)
where R is the squeezing magnitude and φ is the squeezing phase. The optimal conditions are ∆ = −
√
κ2/4+ω2m, R =
sinh−1[κ/(2ωm)]/2 and φ = arctan[−4∆κ/(κ2+ 4ω2m− 4∆2)]. Under these optimal conditions, the results are
Γ
′
opt =
8G2ω2m(κωm− 4G2)
κ(κωm− 2G2)2 , (60)
n
′
opt =
G2
2(κω− 4G2) . (61)
Define c = κnth/(4ωmQm), then the minimal value is obtained when G =
√
xκωm, where x = c/(4c+
√
c(1+ 4c)), and
the minimum phonon number is
nminf ,SD = 2c+
√
c(1+ 4c)
=
√
κnth
4ωmQm
(
2
√
κnth
4ωmQm
+
√
1+
κnth
ωmQm
)
(62)
For intracavity squeezing scheme, in the limit nth ≪Qm, the optimal choice of detuning is ∆ =−κ/2, with the results
Γ
′
opt =
4G2ωm(κωm− 4G2)
2G4+ 2κωm(κωm− 4G2) , (63)
n
′
opt =
G2
2(κω − 4G2) . (64)
The minimal value is obtained when G =
√
xκωm with x =
√
nth/Qm/(4
√
nth/Qm+1) and the minimum phonon number
is
nminf ,IS = 2
nth
Qm
+
√
nth
Qm
. (65)
11. Noise from the nonlinear mode
Here we include the fluctuations of the second-ordermode induced by the nonlinear medium. For the quantum description
of the second-order nonlinear process, the Langevin equations read
a˙1 =
(
i∆1− κ1
2
)
a1+νa
†
1a2− ig1a1(b+ b†)−
√
κ1a1,in− ε1, (66)
a˙2 =
(
i∆2− κ2
2
)
a2− ν
2
a21− ig2a2(b+ b†)−
√
κ2a2,in− ε2, (67)
b˙ =
(
−iωm− γ
2
)
b− ig1a†1a1− ig2a†2a2−
√
γbin, (68)
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where a1(a2) is the annihilation operator of the fundamental (second-order) mode, g1 (g2) is the corresponding single-
photon optomechanical coupling strength, ε1 (ε2) is the corresponding laser drive, κ1 (κ2) is the corresponding total
dissipation rate, and a1,in (a2,in) is the corresponding noise operator, b is the annihilation operator of the mechanical mode,
ν is the single photon χ (2) nonlinearity, and bin is the noise operator for the mechanical mode.With the same linearization
process by assuming a1 = α1+ δa1, a2 = α2+ δa2, b = β + δb, we get the steady state satisfy
0=
(
i∆1− κ1
2
)
α1+να
∗
1α2− ig1α1(β +β ∗)− ε1, (69)
0=
(
i∆2− κ2
2
)
α2− ν
2
α21 − ig2α2(β +β ∗)− ε2, (70)
0=
(
−iωm− γ
2
)
β − ig1α∗1α1− ig2α∗2α2, (71)
and the dynamics of the fluctuation fields yields
˙δa1 =
(
i∆1,eff− κ1
2
)
δa1+να2δa
†
1+να
∗
1δa2− ig1α1(δb+ δb†)−
√
κ1a1,in, (72)
˙δa2 =
(
i∆2,eff− κ2
2
)
δa2−να1δa1− ig2α2(δb+ δb†)−
√
κ2a2,in, (73)
δ˙b =
(
−iωm− γ
2
)
δb− ig1(α∗1δa1+α1δa†1)− ig2(α∗2δa2+α2δa†2)−
√
γbin, (74)
where ∆i,eff = ∆i − gi(β +β ∗) (i = 1,2). It can be seen that the effective nonlinear pumping ε = να2 which depends on
the circulation photons of the second-order optical mode in the cavity. By adiabatically eliminate the second-order mode,
we obtain
δa2 =
1
i∆2,eff− κ22
[να1δa1+ ig2α2(δb+ δb
†)+
√
κ2a2,in]. (75)
First if g2 = 0, it means that the radiation pressure of the second-order mode on mechanical oscillators is zero. It happens
for the standing wave of fundamental mode and second-order mode is different, hence a membrane putting in the cavity
with proper location will sustain a finite optomechanical coupling of fundamental mode but zero optomechanical coupling
of second-order mode. For this case, the added term of the Langevin equation compared with ones in main text with the
reduced hamitionian is να∗1δa2 in the first line of the Langevin equations which yields
να∗1δa2 =
να∗1
i∆2,eff− κ22
[να1δa1+
√
κ2a2,in]. (76)
The first termwill result an effective detuning and dissipation of fundamentalmode∆=∆1,e f f +∆2,e f f ν
2|α1|2/(∆22,e f f +
κ22/4) and κ1,e f f = κ1+κ2ν
2|α1|2/(∆22,e f f +κ22/4). The second term will result an additional vacuum noise which can
be neglect compared with the effect induced by −√κ1a1,in when κ2ν2|α1|2/(∆22,e f f + κ22/4)≪ κ1, which is same the
condition of neglecting the added dissipation of the fundamental optical mode. For the modification of detuning is not
essential, hence the above amendments can be all safely neglected when ∆2,e f f ≫
√
κ2/κ1|να1|
when the optomechanical coupling of the second-order optical mode is not vanish, there have three more added effect.
One will result a modification of the optomechanical coupling between the fundamental optical mode and the mechanical
mode which is not essential, too. The effective optomechanical coupling yields G = g1α1− g2να∗1α2/(i∆2,e f f −κ2/2).
The second effect is the mechanical squeezing with squeezing magnitude εM =
g2|α2|2κ2
∆22,e f f +κ
2/4
, and it can be ignored when
εM ≪ ωm. Another effect is the induced fluctuation on the mechanical mode due to the radiation pressure of the second-
order mode. This noise finally leads to the additional thermal phonon occupancy, which can be described by
baddin =
−ig2√κ2√
γ(i∆2,eff− κ22 )
[α∗2a2,in+α2a
†
2,in]. (77)
Then the added thermal phonon occupancy is
naddin =
g22|α2|2κ2
γ(∆22,eff+
κ22
4
)
. (78)
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It is shown that the added noise can be merged into the environmental thermal noise with b
e f f
in = bin + b
add
in . Hence the
demonstration is valid both in weak-coupling regime and strong coupling case. With the cooling process of intra-cavity
squeezing, the added thermal phonon occupancy will result a final occupancy yields
naddf =
g22|α2|2κ2
ωm(∆22,eff+
κ22
4
)
. (79)
When the nonlinear pumping is out of resonance from the cavity mode, i.e., ∆2,eff >>
√
g22|α2|2κ2/ωm, it can be
seen that this is also the requirement of neglecting the mechanical squeezing effect induced by second-order optical mode.
In conclusion, the system can be effectively described by the Linearized Hamitonian in the main tex when ∆2,e f f ≫
max[
√
g22|α2|2κ2/ωm,
√
κ2/κ1|να1|].
12. power spectrum and squeezing properties
We have introduced above that when the detuning of the second-order optical mode ∆2,e f f is large enough, the system can
be effectively describe by the Linearized Hamitionian in the main tex and the output spectrum can be demonstrate from
the following Langevin equations
a˙1 = (i∆− κ
2
)a1− iG(b1+ b†1)− 2iεa†1−
√
κain, (80)
b˙1 = (−iωm− γ
2
)b1− i(Ga†1+G∗a†1)−
√
γbin, (81)
Eliminating the mechanical mode, we get
[χ−1c (ω)+H(ω)]a1(ω)+ [H(ω)+ 2iε]a
†
1(ω) = ig
√
γ(χ−1m bin(ω)− χ−1∗m b†in(ω))−
√
κain(ω) (82)
where χc(ω) = [−i(ω + ∆) + κ/2]−1, χm(ω) = [−i(ω −ωm) + γ/2]−1 are susceptibility of the optical mode and
mechanical mode respectively. H(ω) = g2(χ−1m (ω)− χ−1∗m (−ω)) and we can get H∗(−ω) =−H(ω). It will results
a1(ω) = A1(ω)ain(ω)+A2(ω)a
†
in(ω)+B1(ω)bin(ω)+B2(ω)b
†
in(ω) (83)
where
A1(ω) =
−√κ
M
[χ−1∗m (−ω)−H(ω)] (84)
A2(ω) =
−√κ
M
[−2iε−H(ω)] (85)
B1(ω) =
ig
√
γχ−1m (ω)
M
[χ−1c (ω)+ 2iε + 2H(ω)] (86)
B2(ω) =
−ig√γχ−1∗m (−ω)
M
[χ−1c (ω)+ 2iε + 2H(ω)] (87)
(88)
and M = [χ−1c (ω)+H(ω)][χ−1∗c (−ω)−H(ω)]− [H +2iε][−H−2iε∗]. From the above equations, we can obtain the
power spectrum of the internal cavity quadrature X = a1e
iθ + a†1e
−iθ . And the variance of the quadrature can be obtained
by using (∆X)2 =
∫
SXX(ω)dω .
For the output spectrum, according to the input-output relationship a1,out(ω) = ain(ω)−
√
κa1(ω), we can get the
output spectrum. For a particular quadrature X = a1,oute
iθ +H.C., its power spectrum yields
SXX(ω) = S1(ω)+ S2(ω) (89)
where
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S1(ω) = |
√
κA2(−ω)|2+ |
√
κA1(ω)|2+κ(|B1(ω)|2+ |B2(−ω)|2)(nth + 1)+κ(|B1(−ω)|2+ |B2(ω)|2)nth (90)
S2(ω) = 2Re[e
−2iθ(1−√κA1(ω))
√
κA2(−ω)+κe−2iθB1(ω)B2(−ω)(nth + 1)+κe−2iθB1(−ω)B2(ω)nth] (91)
Hence the squeezing phase at different frequency yields θopt = (φ−pi)/2, with φ = Arg[(1−
√
κA1(ω))
√
κA2(−ω)+
κB1(ω)B2(−ω)(nth + 1)+κB1(−ω)B2(ω)nth]. And the squeezing magnitude is
r(ω) = Log{Min[SXX(ω)]}= Log{S1−|(1−
√
κA1(ω))
√
κA2(−ω)+κB1(ω)B2(−ω)(nth +1)+κB1(−ω)B2(ω)nth|}
(92)
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